PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

I

RECEIVED: July 21, 2006
ACCEPTED: August 9, 2006
PUBLISHED: September 7, 2006

Single inclusive distribution and two-particle
correlations inside one jet at “modified leading
logarithmic approximation” of quantum
chromodynamics

Il. Steepest descent evaluation at small »

Redamy Perez-Ramos

Laboratoire de Physique Théorique et Hautes Energies*
Unité Mizte de Recherche UMR 7589

Université Pierre et Marie Curie-Paris 6;

CNRS;

Université Denis Diderot-Paris 7, France

E-mail: perez@lpthe. jussieu.fy

ABSTRACT: The MLLA single inclusive distribution inside one high energy (gluon) jet at
small z is estimated by the steepest descent method. Its analytical expression is obtained
outside the “limiting spectrum”. It is then used to evaluate 2-particle correlations at the
same level of generality. The dependence of both observables on the ratio between the
infrared cutoff Qo and Aqcp is studied. Fong & Webber’s results for correlations are
recovered at the limits when this ratio goes to 1 and when one stays close to the peak of
the single inclusive distribution.

KEYWORDS: RQCD, Jetd.

*LPTHE, tour 24-25, 5°™¢ étage, Université P. et M. Curie, BP 126, 4 place Jussieu, F-75252 Paris
Cedex 05 (France).

© SISSA 2006 http://jhep.sissa.it/archive/papers/jhep092006014 /jhep092006014 . pdf


mailto:perez@lpthe.jussieu.fr
http://jhep.sissa.it/stdsearch

Contents

il. Introduction

1=

=

2. Steepest descent evaluation of the single inclusive distribution
R.1] Variables and kinematics
P9 Evolution equations for particle spectra at MLLA
Evolution equations; steepest descent evaluation
Shape of the spectrum given in eq. (R.1§)
R.4 Logarithmic derivatives
“Limiting spectrum”: A — 0 (Qo = Aqcp)

B. 2-Particle correlations inside one jet at A#0 (Qo#Aqcp)

B.J] Variables and kinematics

B.d MLLA evolution equations for correlations

MLLA solution at A # 0
Gluon jet
3.3.4 Quark jet
Sensitivity of the quark and gluon jets correlators to the value of A
Extension of the Fong and Webber expansion; its limit A =0
Comparison with the exact solution of the evolution equations: A =0
Comparison with Fong-Webber and LEP-I data; how A = 0 is favored

EEEE

. Conclusion

. Double derivatives and determinant
A.] Demonstration of eq. (R.19)
A.2) Det A (see eq. (R.19)) around the maximum
The functions L(p,v), K(p,v) in eq. (R.26)
A4 A consistency check

EEEREHE B BEEEEEEmmm o e m

B. Analytical expression of A’(u1, 1) obtained from eq. (B.10)

=l

1. Introduction

Exactly solving the MLLA evolution equations for the quark and gluon inclusive spectra
and for 2-particle correlations inside one jet provided, at small z, in [[], analytical ex-
pressions for these observables, which were unfortunately limited, for technical reasons to
the “limiting spectrum” A = In(Qo/Aqcp) = 0. The goal of this second work is to go



beyond this limit in an approximate scheme which proves very economical and powerful:
the steepest descent (SD) method. It offers sizable technical progress in the calculation of
both observables.

First, we perform a SD evaluation of the (quark and) gluon single inclusive distribu-
tions. Their full dependence on A is given, including the normalization. The well known
shift to smaller values of x of the maximum of the distribution, as compared with DLA
calculations is checked, as well as its Gaussian shape around the maximum. Comparison
with the results obtained numerically in [B] is done.

As shown in [], knowing the logarithmic derivatives of the inclusive spectra imme-
diately gives access to 2-particle correlations. This is accordingly our next step. Since,
in particular, the former prove to be infra-red stable in the limit A — 0, the result can
be safely compared with the exact one obtained in [I[]. The agreement turns out to be
excellent, and increases with the energy scale of the process.

Last, we evaluate 2-particle correlations inside one high energy jet and study their
behavior at Qo # Aqcp. That one recovers the results of Fong & Webber [f] close to
the peak of the single inclusive distribution and when A — 0 is an important test of the
validity and efficiency of the SD method. The quantitative predictions do not substantially
differ from the ones of [fl] for the “limiting spectrum”, which stays the best candidate to
reproduce experimental results.

A conclusion summarizes the achievements, limitations and expectations of [[[] and of
the present work. It is completed with two technical appendices.

2. Steepest descent evaluation of the single inclusive distribution

We consider the production of one hadron inside a quark or a gluon jet in a hard process.
It carries the fraction x of the total energy E of the jet. Oy is the half opening angle of the
jet while © is the angle corresponding to the first splitting with energy fraction z < z < 1.

2.1 Variables and kinematics

The variables and kinematics of the process under consideration are the same as in section

3.1 of [

2.2 Evolution equations for particle spectra at MLLA

We define like in [[l]] the logarithmic parton densities
Q) =xDq(x),  G(f) =zDg(x)

for quark and gluon jets in terms of which the system of evolution equations for particle
spectra at small = (see egs. (42) and (43) of []) read

0
Q) =0+ [ @ [Cayade +)(1-Jo@ ~0)ew ) @)

¢
G(t,y) = 6(0) + /0 dv /0 ’ dy B +y) (1= adl = 0) Gy, (2.2)



where

1 11 4 QCF np=3
Ne+ -nsTr|1 — = 0.935. 2.
a= AN, [3 + 37”Lf R( >:| 0.935 (2.3)

The terms o % in (R.1)) and « a in (R.2) account for hard corrections to soft gluon multi-

plication, sub-leading g — qq splittings, strict angular ordering and energy conservation.

2.3 Evolution equations; steepest descent evaluation

The exact solution of (R.2) is demonstrated in [[] to be given by the Mellin’s integral

representation
00 1/B(w—v) a/B
G (L) €+y+)\// dw dv vay/ ds (w(”“)) ( v > e
0 v+s\(w+s)v v+s
o0 a/B
£+y+)\// deV “““y/ ds ( - ) ), (2.4)
2m 0o V+s\v+s

where we have exponentiated the kernel (symmetrical in (w,v))
1 w(v +s)
= 1 — As. 2.5
o(s) Blw—v) o <u(w + 3)) § (2:5)
Eq. (B4) will be estimated by the SD method. The value sq of the saddle point, satisfying
do(s) =0, reads (see [f])

ds _

sow,v) = % [ % b w—2)?— (o y)] . (2.6)

One makes a Taylor expansion of o(s) nearby so:

7(5) = os0) + 50" (s0)(s = 50 + O (5= 50)?) . 0"(s0) = =B/ 2+ (w = 0)? <.
(2.7)
such that

/Oo ds <w(y+s)>1/ﬂ<w—”>< v )a/ﬁ ezt [T ¢7(%0) < v >a/ﬁ(28)
—_ e ~ — (2.
o v+s\(w+s)v v+s 2 (v 4+ s0)+/]0"(s0) |\ ¥ + S0

The condition A > 1=a,/m < 1 ! guarantees, in particular, the convergence of the
perturbative approach. Substituting (P-§) in (P.4)) yields

d)(w,u,é,y) a/p
G(f,y)zz\fuyﬂ // o dv < v > , (2.9)
21i)? (v 4 s0)y/[ 0" (s0) | \¥ + 50

where the argument of the exponential is

1 lnu)(l/—i—so)
Bw—v) (w+sy)v

tin (E), A appears to the power 3/2 > 1, which guarantees the fast convergence of the SD as A increases.

O (w,v,ly) =wl+vy+ — ASp. (2.10)




Once again, we perform the SD method to evaluate (R.9). The saddle point (wg,vp)

satisfies the equations

[ 1 w (v + s0) 1 _)\(V—l-S())

8w_€_ﬁ(w—y)2n(w+80)l/ fw (w —v) (w—y)zo’ (2.112)

do 1 w (v + s0) 1 (w+s0)
VT e Rty B N e—p) (2110)

Adding and subtracting (R.114)) and (R.11b]) gives respectively
= 1 2.12
wolp = ma (2.12a)
1 1 1 2 wo (I/() + 50) wo + Vo + 259
= -+ = | = 1 - : (2.12b
Y B (wo — 1) <wo Vo) 6(wo—u0)2 n(wo+80)7/0 A wo—vy (2.12b)
(wo, 1) also satisfies (from (R.6))

(wo + s0) (Vo + s0) = BlA (2.13)

One can substitute the expressions (R.11a]) and (R.11b)) of £ and y into (R.10]), which
yields

2 wo (0 + so)
= ¢(wo, v, L, y) = In . 2.14
# = $luo, 0, by) B (wo— o)  (wo =+ 50) vo (214)
Introducing the variables (1, v) [ff] to parametrize (wo, 1) through
1 +u(ty) L ey
wo (1) = ————eH"Y) wo + 8g) (vg + 89) = —=e7"\"Y), 2.15
) = s (o0 +50) 0+ 30) = 2.15)
one rewrites (R.14) and (R.12H) respectively in the form
2 w—"v
— = (. /r — - 2.1
o1 v) \/B( TytA \/X) sinh y4 — sinh v’ (2.16)
y—+¢  (sinh2yu — 2p) — (sinh 2v — 2v) (2.17a)
_ : A7a
y+4 2 (sinh? p — sinh? v) ’
moreover, since wg — Vg = (wp — So) — (Yo — S0), (i, v) also satisfy
sinh v sinh p
= . 2.17b
VA VE+y+ A ( )

Performing a Taylor expansion of ¢(w, v, ¢, y) around (wo, 1p), which needs evaluating

gi‘g, % and Eigy (see appendix [A.T]), treating (Y + \) as a large parameter and making

use of (R.1§) provides the SD result

G(l,y) =~ N(p,v,\) exp [ <\/€—|—T > ) —E28 - %(u—v) , (2.18)

sinh p — sinh v



where
<§)1/4 < A >“/Qﬂ

V/meoshv Det A(p,v) \£+y+A

N0, 0) = 5 (E+y+3)

with (see details in appendix [A.1])

(—v) cosh p cosh v+cosh p sinh v—sinh p cosh v

Det A(p,v) = B (£+y+N)? [ } . (2.19)

sinh® i cosh v

2.3.1 Shape of the spectrum given in eq. (B.18)
We normalize (R-1§) by the MLLA mean multiplicity inside one jet [f]

la 1

a2 L ()20 g [ 2 (s v

The normalized expression for the single inclusive distribution as a function of ¢ = In(1/z)

Q

is accordingly obtained by setting y =Y — £ in (R.18))

GuY) | [ PPOENE T2
n(Y) N\/ﬂ'costhetA(,u,v) pL/B( YA \/X)

w—v a
x <m—1> +v—5(u—v)] (2.20)

One can explicitly verify that (R.20) preserves the position of the maximum [B]-[0] at
Y 1 Y
fnax = 5 + 55 (VT + A= VA) > 2, (2.21)
2 723 2
as well as the gaussian shape of the distribution around (R-2I) (see appendix [.2)

G(L,Y) _ 3 2 2 3 (£ — lax)”
aY) A\ m/BlY + a2 ) P\ T B v aproxer T 2 '
(2.22)
In figure [ll we compare for Y = 10 and A = 2.5 the MLLA curve with DLA (by setting
a = 0 in (R.20)). The general features of the MLLA curve (R.20) at A # 0 are in good
agreement with those of [f].

The shape of the single inclusive spectrum given by (P.2()) can easily be proved to be
“Infrared stable” (it has indeed a final limit when A — 0).

2.4 Logarithmic derivatives

Their calculation is important since they appear in the expressions of 2-particle correlations.
Exponentiating the (¢,y) dependence of the factor A in (P.1§), we decompose the
whole expression in two pieces

Y=+ oy, (2.23)
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Figure 1: SD normalized spectrum: DLA (blue), MLLA (green); Y = 10.0, A = 2.5.

where ¢, given in (R.16), is the DLA term for the shape of the distribution [[f], and

1 1
o = —3 (1 + %) In(+y+A)— Zp+ (1 + %) v+ 5 [Qk, ) (2.24)
is the sub-leading contribution (in the sense that its derivative gives the MLLA correction),
where
Bl +y+ )3 sinh® 1
Qv = TVt

cosh v Det A(u,v) -

(u—wv) cosh p cosh v+cosh p sinh v—sinh y cosh v

By the definition of the saddle point, the derivatives of (R.16) over £ and y respectively

read:
P = wo = Y0e,
We introduce (see appendix [A.3)

a
=—-=+ L(M,U),

L(p,v) 3

K(nv) =1+ % + K(u,v),

g

and make use of

ov on 1_,
2= tanh v <coth,u(% 5670> ,

that follows from (R.I7H), to write 81y, 81y, in terms of %%, Gu

B

Py = 1o = Y€ . (2.25)
Lip,v) = 55 Qo))
K(uv) = 3o mlQ(uo)]  (2:26)

@ = tanhv <cothua— — —6 )
dy

Jy

1
0y =3 <1+g+tanhvlC(,u, U)> B2 + <E(,u, v)+tanh v coth p K(u, U)> ag (2.27a)

2

d1by - <1+g+tanhvlC(M, U))ﬁ’yg + <E(,u, v)+tanh v coth pu KC(u, U)) (;_,u (2.27b)

B



Y+A=7.5

[y
o

N w B o o ~ oo ©
T T T T T T

o
-
N
w F
IS
o

I=In(1/%)

Figure 2: Behavior of Q(,v) as a function of £ = In(1/z).

Using (R.17d) and (R.17H) we obtain
ou ou

1 ~ 1 ~
50 = a1 eQun)],  Gh =380 1+ Q) (2.28)

where
cosh psinh pcoshv — (u — v) coshv — sinh v

@(H?U) =

which we have displayed in figure J] (useful for correlations).
Inserting (R.27H) and (R.2§) into (R-274)) gives the SD logarithmic derivatives of the
single inclusive distribution

2.29
(1 — v) cosh p cosh v + cosh psinh v — sinh p cosh v’ (2:29)

1 ~ ~
Ye(p,v) = yoet + 5&73 [e“Q(,u, v) — tanhv — tanhvcothu(l + e Q(u, U))}

508 [+ tanho (14 K s 0)) + O, 0) (14 G0, v) ]| + O(3) (2:300)

Wy (p,v) = yoe H — %a’yg {2 + e*“@(u, v) + tanhv — tanhvcoth,u(l + e*“@(,u, U))]
—%ﬁfyg [1+tanhv(1+K(,u,U)> — C(p,v) <1+€7“©(M,U)>] +0(13) (2.30b)

where we have introduced (L and K have been written in (A.7) and (A.§))
C(p,v) = L(p,v) + tanhvcothu(l + K (u, ’U)) (2.31)

C does not diverge when y ~ v — 0. One has indeed

2 — 3“ _c
lim [L(u,v) 4 tanhv coth pK (p,v)] = lim e W — =
p,v—0 mv—0 4 ( _ v_3>
as well as

- 3u 3./ 2
lim tanhwvcoth u <1 —i—ei"Q(u,v)> = lim = —*- = e
p,o—0 n,v—0 1— U_3 A 3/2

W 1= (Y—Jr)\>
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Figure 3: SD logarithmic derivatives v, and 1), of the inclusive spectrum at ¥ = 7.5, for A = 1.5
and A = 3.5.

In (£.304) and (P.30H)) it is easy to keep trace of leading and sub-leading contributions. The
first O(p) term is DLA [fi] while the second (o< @ — “hard corrections”) and third (< 3 —
“running coupling effects”) terms are MLLA corrections (O(78)), of relative order O(v)
with respect to the leading one. In figure f| we plot (.30a]) (left) and (R.30b) (right) for
two different values of \; one observes that ¢, (1) decreases (increases) when X increases.

For further use in correlations, the logarithmic derivatives have the important property
that they do not depend on the normalization but only on the shape of the single inclusive
distribution.

2.4.1 “Limiting spectrum”: A — 0 (Qo = Aqcp)

Since the logarithmic derivatives are “infrared stable” (see above), we can take the limit
A — 0in (2.304) (R.30H),? and compare their shapes with the ones obtained in [f]; this is
done in figures f] and i, at LEP-I energy (E©¢ = 91.2GeV, Y = 5.2) and at the unrealistic
value Y = 15.

The agreement between the SD and the exact logarithmic derivatives is seen to be
quite good. The small deviations (< 20%) that can be observed at large ¢ (the domain we
deal with) arise from NMLLA corrections that one does not control in the exact solution.
The agreement gets better and better as the energy increases.

It is checked in appendix ([A.4]) that (B.1§) satisfies the evolution equation (; the
SD logarithmic derivatives (.30a)) and (R.30b]) can therefore be used in the approximate
calculation of 2-particle correlations at A ## 0. This is what is done in the next section.

3. 2-Particle correlations inside one jet at A\#0 (Qo#Aqcp)

We study the correlation between 2-particles inside one jet of half opening angle © within
the MLLA accuracy. They have fixed energies 1 = wi/FE, 9 = wy/E (w1 > ws) and

2For this purpose, () has been numerically inverted.
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Figure 4: SD logarithmic derivatives 1, (left) and 1, (right) compared with the ones of [ at
Y =5.2.
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Figure 5: SD logarithmic derivatives ¢, (left) and v, (right) compared with the ones of M at
Y =15.

are emitted at arbitrary angles ©1, ©2. The constrain ©; > ©5 follows from the angular
ordering in the cascading process. One has © > O (see figure 1 of []).

3.1 Variables and kinematics

The variables and kinematics of the cascading process are defined like in section 3.2 of [[f].

3.2 MLLA evolution equations for correlations

The system of integral evolution equations for the quark and gluon jets two-particle corre-
lation reads (see egs. (65) and (66) of [[l])

2 Cr b b2 2
Q@ (01, y2,m) — Q1(¢1,11)Q2(f2, y2) :F/o df/o dy o (€ +y)

x [1 - %5(5 - 51)] GO,y m), (3.1)



4 Y2
GO (E1,2,1) ~ G (b1, ) Galbae) = [ dt [ dyd(e )1 = as(e - )]G €,y m)
0 0

+ (a—0) /0y2 dy 5 (L1 +y)G (b1, y +n)G(6 +1,y).
(3.2)

a is defined in (R.3)) while

1 [11 4 Cr\?] ny=3
b [—Nc——nfTR<1—2FF> ] £70.915. (3.3)

VAR 3 ;
3.3 MLLA solution at A #0

The quark and gluon jet correlators C, and C, have been exactly determined for any A
in ] by respectively setting Q® = C,Q1Q2 and G? = C,G1G> into (B]) and (B.F). In
the present work we limit ourselves to the exact MLLA solution which consists in neglecting
all O(~3) corrections in equations (64) and (84) of [fl].

3.3.1 Gluon jet

At MLLA, the logarithmic derivatives of () can be truncated to the saddle point
derivatives ¢y, ¢, of (R.16). The MLLA solution of (B.2) then reads (see (77) in [l

) MLLA 1 —b(p14+ p20) — 01

C. — - 3.4
g 14+ A+A +65 (34)
where we introduce
A=ny? (801,4302,;/ + 901,y802,4), (3.5)
A =2 <<P1,z5¢2,y + 01,y 2,0 + 01 pp2y + <P1,y5¢2,z); (3.6)
1 1 0x 10x

—n (14— - - = 29X, 3.7
o1 =" [Xz(%,y +p2.y) + Xy (P + wzz)] : (3.8)

(B3) is obtained by using (R:25):
A(p1, p2) = 2 cosh(ur — p2) = O(1), (3.9)

which is the DLA contribution [, while (B.6) (see appendix B]) is obtained by using (P.25),
p77d) and (E270)

e Moo g+ e7H200y g + e 0Py + eM20Y
70
it is a next-to-leading (MLLA) correction. To get (B.7), we first use (B.9), which gives

__ tanh AR (% _ %)
1+ 2cosh(py — p2) ’

A/(Ml,,u,g) = = 0(70); (3'1())

Xe = or ot

,10,



Xy = —

tanh 4542 <8u1 3/@)
)\ 9y Oy

- = 3.11
1+ 2cosh(u; — ’ (3:11)

and then (R.2§) to get

_ 5 tanh H-£2 6“1@1 — ez @2
xe = 0% 1+ 2005h(/¢1 12) 2
tanh H-£2 eTMQ — e H2Qy
Xy = B’VO
1+2 cosh(yl 12) 2

which are O(72). They should be plugged into (B.§) together with (.28, which gives

2 sinh? (&;“—2)

- 6703 + 4sinh? (’“—;“—2)

<@(M17U1) + @(M27U2)) = O0(%); (3.12)

it is also a MLLA term. For @ > Qo > Aqcp we finally get,

MLLA 1 —byo (! 4 et2) — 0y
Co(l1,02, Y, N) =~ 1+
ol & ) 14 2cosh(ur — p2) + A’ (1, p2) + 61

(3.13)

where the expression for A’ (B.1]) is written in appendix [B. It is important to notice that
01 ~ 0 near {1 =~ {5 (1 ~ po) while it is positive and increases as 1 gets larger (see (R.29)
and figure fl); it makes the correlation function narrower in |¢; — £3|.

3.3.2 Quark jet

The MLLA solution of (B.1)) reads (see (93) in [f)

Cs—1 MLLA N, 1+A
1 — .14
o CE L+ 0= a0+ 203 T (3.14)
Inserting (B.5)—(B.§) into (B.14)) we get
MLLA . N, 1+ 2cosh(py — p2)
y,n) MR e Y, A)—1) | 14+(b—a)yo (e +e .
Cyll1, 62, Y, ) o (Gl 02,V )-1) [ Homappp(ert ety I

which finally reduces (for @ > Q¢ > Aqcp) to

et + et?

LLA }
g cosh(py — p2)

M N, 1
Collr, b2, Y, 0) "R 14 2E {(cg(el,ez,y, N-1)+5(b-a)
Cr 2

. (3.15)

3.4 Sensitivity of the quark and gluon jets correlators to the value of A\

Increasing A translates into taking the limits 5, Aqcp — 0 (Y =/0+y < X\, Q > Qo >
Aqcp) in the definition of the anomalous dimension via the running coupling constant
(70 = y0(cw), see (44) in [l). It allows to neglect £, y with respect to \ as follows

1 Ly

1
2 [

— 11 —



such that 7o can be taken as a constant. Estimating (R.4) in the region A > 1 & s < 1
needs evaluating the kernel

1/B(w-v) a/B _ 1/B(w-v) a/B
() ) R )y
v+s \(w+s)v v+s v wv
2

14

L, 11 s, L11/1 £ 111 3s3+ (3.17)
~ - “|=—a)l=4+==——a ——(——a)] = .
v v \w g 202 \w 32 33 \w 33
Integrating (B.17) over s, using (B.16) and [;° s" e = )\1 we get
Gy~ sl Lo1(1 2 12+1 1 \? 13+
w,v) &~ —|=—a)=—~+=|——a — ——=a —
’ v v \w BN 2 \w B v3 \w BA
_ 1
v =75 (1w —a)’
which, after inverting the Mellin’s representation (132) of [[[], gives
G(t,y) "= exp(290/Ly — ardy). (3.18)
Taking the same limit in (R.17a) and (R.17b)) gives respectively
y — £ty 1.y try<x 1y =4 L
Z— & tanhp=p=-In2 - ~ = o~ 3.19
i anhp=p=ln7,  p-v 3 T Hv (3.19)

Furthermore, we use (B.19) to show how (R.23)) reduces to the exponent in (B.1§)3

2 w—1uv Hy<A
= —— = 2v//
¢ /B sinh p1 — sinhv o ’
a/B
2 {+y a lafl+y a
= ———l 1+——-=(p—v)m—==-—"—=(p—v
<V0+80> 20 ( A ) 5(M ) 28 A ﬂ('u )
Ly
A —avhy. (3.20)
Thus, since ¢ = 3 In¥ (B19), (2:304) and (2-30H) simplify to
Ly Yy Ly l
e~ et = 70\/;, by R et —avg = 70\/; — ang- (3.21)

Therefore, taking the limit 5, Aqcp — 0 (A — o0) leads to the simplified model
described in section 4.2 of [[. Setting, for the sake of simplicity, ¢1 ~ f2 in (B.13))(B.14),

where 1 vanishes, we obtain, in the high energy limit

) =1+ |12 (b-30) wtn | cutt =14 35 [5-5 (Garo) weten).
(3.22)

3we set 8 =0 in (), () and only consider terms x a
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Figure 6: Varying A at fixed Qo; Aqcp dependence of C, (left) and C, (right)
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Figure 7: Varying A at fixed Aqcp = 253 MeV; Qo-dependence of Cy (left) and C, (right) at
b1 =10,=30

where
1 1 Tr Tr Crp Tr C}% np=3
b—-a=—(11-8—= +28—&— — —24———= ~ 0.6
3a 18 < N, * N. N, N, Nc2 ,
5 2 TR TR CF TR C% nf:3
— b=—-(11+ =4+ =— —6——2= ~ 2.b. 3.23
30t 9( AR A A VA (3.23)

Thus, when X increases by decreasing Aqcp, ¥¢ <o decreases and the correlators (B.22)
increase. For LHC, a typical value is Y = 7.5 and we compare in figure f] at fixed Qg, the
limiting case A = 0 (Qo =~ Aqcp ~ 253 MeV) with A =~ 1.0 (Aqcp = 100MeV) and A ~ 2.3
(Aqcp = 25MeV). As predicted by (B-29), the correlation increases when Aqep — 0 at
fixed Q.

It is also sensitive to the value of Qp. As seen in (B.29), since y = In % — £, if one
increases Qo (since Aqcp is fixed, 7o does not change), thereby reducing the available
phase space, the correlators increase. This dependence of the correlators at fixed Aqcp is

displayed in figure [] for 0.3 GeV < Qo < 1.0GeV at £; = £, = 3.0 (soft parton).
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In the simplified model which leads to (B.29), C4 and C, respectively go to the asymp-
totic values 4/3 and 1+ N./3Cp. This is however not the case in the general situation

B # 0, as can be easily checked by using (P.30a) and (R.30b]); for example, near the maxi-
mum of the distribution (u ~ v — 0), a contrlbutlon o A2 /[(Y + X)3/2 — X3/2] oceurs in
the term proportional to 3 in (B.29) that yields negative values of 1), when X increases.

3.5 Extension of the Fong and Webber expansion; its limit A =0

In the Fong-Webber regime, the energies of the two registered particles stay very close to
the peak of the inclusive hump-backed distribution that is, |¢; — fmax| < o oc [(Y +A)3/2 —

NP2 (see (R23)).

Near the maximum of the single inclusive distribution ¢; ~ ¢y ~ Y/2 (u,v — 0, see
appendix [A.2)

A\ 2 3 02 ~ 2 1/ A \%?
1' C: —— 1' K,:_il 1 —_— — —
im0 () dm Rty m@=3ei(vy)

where C, K; and Q are defined in (2:31)), (A§) and (P:29). Keeping only the terms linear
in p and the term quadratic in the difference (1 — p2), one has

- L1~loY /2 )\3/2
A+A > 7 24 (= p2)® — ano (24 pa + p2) — Bo 2+3(Y+>\)3/2—)\3/2 (3.24)
and »
01~0 ~Y/2 1 A
1 2 5670(,“1 ,UQ)2 24 <Y——|—)\> ; (325)

81 can be neglected, since vo(u1 — p2)? < (1 — p2)? < 1. Then, in the same limit, (B.1J),
(B-15) become
ant=Y/2, 1—b0y0(2 4 1 + p2)

CS(EI,EQ,Y, )‘) =

3+ (11 —p2)?—av0(2+p1+p2) =By |2 + 3

3/2 ’
CEBVEEETE

(3.26)
Ly ~laY /2 N, 1
Colr, b2, Y, 0) T / 1+C—[<CO(€1,€2,Y)\)—1>+Z(b—a)fyo(2+u1+,u2)} (3.27)

Using ([A-4) one has

Y 4+ A (Y + )12
2 02 et
)= 9[(Y + \)3/2 —/\3/2]2(€1 @t 3(Y + )32 — N3

such that the expansion of (B.26), (B-27) in o o \/ar; reads
2
(Y + 0201 - @)

[Y — (1 + £3)]

(Y + \)3/2 = N3/

(2 NPY NN (2 X2
sty ez J\30 7 0) 0 s | 3T iy ayer — e )P0

1/2
- 30) ( e ;f?) Y0+ 0GR), (3:29

4
Co(l1,02,Y, \) ~ 3 (

Y + \)3/2 —
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2
N, N, (Y + A)I/Q(& —{9)

V01,09, Y, \) ~ 1 =R

Cq( 1,%2, a)‘) +3CF +CF (Y+)\)3/2_)\3/2

Y Y VEY ) (5 TS P W g
A\ 3T vz — ez J\ 397 10T 3T (v Ay — ez ) PO
5 Y+ N2 (0 + ¢
—a+b ( + ) (1+ 2) Y
3 Y + A2 — \3/2

Therefore, near the hump of the single inclusive distribution, (B-13), (B-15) behave as a
linear functions of the sum (¢1 + ¢3) and as a quadratic functions of the difference (¢1 —¢5).

+O0(9). (3.29)

L1
4

At the limit A = 0, one recovers the Fong-Webber expression [f].

3.6 Comparison with the exact solution of the evolution equations: A =0

In figures § we compare the SD evaluation of the gluon correlator with the exact solution
of [[l] at A = 0. The difference comes from sub-leading corrections of order 72 that are not
present in (B.13). For example, —573 ~ —0.2 at Y = 5.2 occurring in the exact solution
(69) of [l] is not negligible but is absent in (B.13) and (B.1§). That is why, the SD MLLA
curve lies slightly above the one of [fl] at small #; + . The mismatch becomes smaller at
Y = 7.5, since —3v3 ~ —0.13. However, when ¢; + {5 increases, the solution of [fl] takes
over, which can be explained by comparing the behavior of the SD MLLA §; obtained
in (B.13) and 4., de in M. Namely, while d; remains positive and negligible for ¢; ~ /s,

dc, 0o decrease and get negative when (1 + o — 2V, see figure f] (left), which makes the
correlations slightly bigger in this region. As |[¢; — f3] increases, d; is seen in figure
(right) to play the same role as d.,d, do in the solution [[[] and therefore, to decrease the
correlation. The agreement between both methods improves as the energy scale increases.
A similar behavior holds for the quark correlator.

In I, strong cancellations between the MLLA 6; and the NMLLA 2 were seen to
take place, giving very small 8. and d,; this eased the convergence of the iterative method
but raised questions concerning the relative size of MLLA and NMLLA corrections and the
validity of the perturbative expansion. However, since §; is itself, there, entangled with
some NMLLA corrections, no definitive conclusions could be drawn. The present work and
figure fl, by showing that, below, d. and bc of play the same role as the pure MLLA §;
which is now calculated, suggests (though it is not a demonstration) that the perturbative
series is safe. It is indeed compatible with the following scheme: in [[], the pure MLLA part
of 41 is the same as that in the present work; the cancellations in [[J] occur between NMLLA
corrections included in §; and ds; these are eventually of the same order of magnitude as
MLLA terms, but they are only parts of all NMLLA corrections; this leaves the possibility
that the sum of all NMLLA corrections to 7 and all NMLLA terms of d are separately
smaller than the pure MLLA terms of 01, that is that strong cancellations occur between
NMLLA corrections, the ones included, because of the logic of the calculation, in [, and
those which were not be taken into account.
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Figure 8: Comparison between correlators given by SD and in [ﬂ], at A =0.
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Figure 9: Comparison between the SD ¢; and J., Sc of |ﬂ at Y =75 A=0.

3.7 Comparison with Fong-Webber and LEP-I data; how )\ =0 is favored

Let us consider, at the Z° peak Y = 5.2 (E© = 91.2GeV at LEP-I energy), the process
ete™ — qG. As can be induced from figure f, the results obtained in the present work by
the (approximate) SD method are very close to the ones obtained in subsection 6.5 of [[] by
the exact solution of the evolution equations. Accordingly, the same comparison as in [[f]

holds with respect to both Fong & Webber’s results [B] and OPAL data [f].
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It is also noticeable that, since, at A = 0, correlations already lye above (present)
experimental curves, and since an increase of A tends to increase the predictions, the
limiting spectrum stays the best candidate to bring agreement with experiments.

4. Conclusion

Let us, in a few words, summarize the achievements, but also the limitations of the two

methods that have been used respectively in [[] (exact solution of MLLA evolution equa-

tions) and in the present work (steepest descent approximate evaluation of their solutions).
Achievements are threefold:

e in [[, MLLA evolution equations for 2-particle correlations have been deduced at
small z and at any A; their (iterative) solution can unfortunately only be expressed
analytically at the limit A — 0;

e by the steepest descent method, which is an approximate method, analytical expres-
sions for the spectrum could instead be obtained for A # 0, which enabled to calculate
the correlation at the same level of generality;

e one could move away from the peak of the inclusive distribution.

So doing, the limitations of the work of Fong & Webber have vanished. Their results
have been recovered at the appropriate limits.

The two methods numerically agree remarkably well, despite an unavoidable entangle-
ment of MLLA + some NMLLA corrections in the first one.

The limitations are the following:

e the uncontrollable increase of oy when one goes to smaller and smaller transverse
momenta: improvements in this directions mainly concern the inclusion of non-
perturbative contributions;

e departure from the limiting spectrum: it cannot of course appear as a limitation,
but we have seen that increasing the value of A, by increasing the correlations, does
not bring better agreement with present data; it confirms thus, at present, that the
limiting spectrum is the best possibility;

e the LPHD hypothesis: it works surprisingly well for inclusive distributions; only
forthcoming data will assert whether its validity decreases when one studies less
inclusive processes (like correlations);

e last, the limitation to small x: it is still quite drastic; departing from this limit most
probably lye in the art of numerical calculations, which makes part of forthcoming
projects.

Expectations rest on experimental data, which are being collected at the Tevatron,
and which will be at LHC. The higher the energy, the safer perturbative QCD is, and the
better the agreement should be with our predictions. The remaining disagreement (but
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much smaller than Fong-Webber’s) between predictions and LEP-1 results for 2-particle

correlations stands as an open question concerning the validity of the LPHD hypothesis

for these observables which are not “so” inclusive as the distributions studied in [f]. The

eventual necessity to include NMLLA corrections can only be decided when new data

appear.
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A. Double derivatives and determinant

A.1 Demonstration of eq. (B.19)
We conveniently rewrite (R.11a) and (R.11b]) in the form

%:2W_V€+ v ¢ _)\1/—|—250+ 1 ’
ow w-—v w—v w—v w—v  fwlw-—"v)
0 -2 2 1

_qbzw l/y_ w . 0] +)\w—|— S0 .
o w-—v w—v w—v w—v  friw-—v)

The Taylor expansion of (.10) in (P.9) reads

1 0% 2
(b(wﬂ/;g,y) ~ ¢(w071/07£7y) + 5 W ((AJO7I/0)(W - LUQ)
1 0%¢ 0?

TS o2

(wo, o) (v — 1/0)2 + awgy (wo, ) (W — wo) (v — ).

The expressions of the second derivatives follow directly from (A1) and (A.9)

¢ ) 2w—v 4
0w?  (w— 1/)2<£+y+/\) + (w—1)? Buw?(w—r)? * Blw—1)2(2s0 +w+v)’
0%¢ _ w 10) w—2v 4
o2 —m(f—ﬂﬁ—)\) * (w—v)? * Br?(w — v)? * Blw—1)%(2s0 +w+v)’
2
00 _ @ _yyan-—¢ 4 L !

Owdr  (w—v)?

Eq. (.9) and its solution can be written in the form

27
G~ // d*v e_%”TA” = —
vDet A

where
Po %% 9\ o
T w Ow? Owov 0 ¢ 0 ¢
= = — D _—
v=(w,v), v (u) , DetA et 2o 2% 902 92
Ovdw  Ov?
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An explicit calculation gives

Blw+rv)p—4 4(w +v)

- 2
Det A= ({+y+)) @ —v)? (w—1)2(250 +w +v)

which, by using (R.15) leads to (R.19).

A.2 Det A (see eq. (R.19)) around the maximum

This is an addendum to subsection . £ max Written in () is close to the DLA value
Y/2 []-P]. We then have pp ~ v — 0 for ¢ ~ y ~ Y/2. In this limit, (2.I7a)) and (R.I7H)

respectively translate into

w,o—0 2 (Y + )\)3/2 — )\3/2 ,v—0 A
Y -2 ~ - ~ —_— A4
3 wang? MY Vy o (A4)
while 12
Y
O 5 Y+ (A.5)
ol (Y + )\)3/2 — )\3/2

should be used to get (2.22). An explicit calculation gives

i BY2(Y + A)3/2 3 1/2
ﬂ,ggo 7 Det A(p,v) /B [(Y 4 )\)3/2_)\3/2] )

where
Dot AP gy =) (1 80) (L407) 014 452 (0 b07) (et ) (14507
13
1 o U3\ 1 5 A2
~ gB(Y+>\) <1_E> = gﬁ(YJr)\) 1-— (Y—Jr)\) . (A.6)

A.3 The functions L(u,v), K(u,v) in eq. (B.26])

An explicit calculation gives

~ 3coshp (1 — v) cosh v sinh p + sinh v sinh

1
L — _ - A.
(12, ) 2sinhp 2 (u— v) cosh pcosh v + cosh psinh v — sinh g cosh v’ (A7)
and
1. (1 — v) cosh p — sinh
K = ——sinh . A8
(1, v) g SR (1 — v) cosh p cosh v + cosh psinh v — sinh p cosh v (A8)

A.4 A consistency check

Let us verify that the evolution equation (P.2)) is satisfied by (R.20) within the MLLA
accuracy. Differentiating (R.9) with respect to £, y yields the equivalent differential equation

Gy =74 (G — aG)+O (1 G)
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that can be rewritten in the form

Yetby + Yoy = 'Yg (1 —ayy) + 0(73)5 (A.9)
we have neglected next-to-MLLA corrections O(v5) (of relative order 43) coming from
differentiating the coupling ’yg in the sub-leading (“hard correction”) term o a.

We have to make sure that (A.9) holds including the terms O(+3). In the sub-leading
terms we can set ¢ — ¢ (see (R.29)):
(e + 00e)(py + 0tby) + ¢y = 10 (1 — ap). (A.10)

Isolating correction terms and casting them all on the Lh.s. of the equation we get

avg e + [0edthy + 0y0te] + oy = VG — ey (A.11)

By the definition (R.25) of the saddle point we conclude that the r.h.s. of (A.11]) is zero
such that we have

d
w0 + [wodty + vt + L = 0, (A12)
that is,
wo (ayg + dtby) + vodthe + oy 0. (A.13)

First, we select the terms o a:

1~ 1 1 1 ~
cwg —§Q — itanhve“ + §tanhvcothue“ + itanhvcoth,uQ

1~ 1 1 1 ~
—|—§Q ~3 tanhve # — 3 tanh v coth pe™ — 3 tanh v coth 1 Q

= ary§ [~ tanh v cosh y + tanh v coth g sinh ] = 0.
From (R.15) one deduces
dwo

1 3~
d—y = 557062,

that is inserted in ([A.13) such that, for terms o 3, we have
S, 1 1 1~ 1, 1 _
—B7 |zt + —tanhv(l—{—K)e“ —=Cel'—=-CQ+ ="+ —tanhv<1+K)e »
2 2 2 2 2 2
1, ., 1 .~ . . 1~

—|—§Ce Bt §C’Q =—-0B7 coshu—l—tanhvcoshu<1+K> — C'sinh y — 5@ ,

which gives
1~
—ﬁ'yg [cosh,u —sinhpu L — 5@} .

Constructing (see (R.29) and appendix A.3J)

~ — h v sinh inh v sinh
O, v) — 2cosh i = —3 cosh jit-sinh 1 (u— v) cosh v sinh p+sinh v sinh i

(1 — v) cosh p cosh v+cosh psinh v — sinh p cosh v
= —2sinh puL(u,v)

we have

0.

1~
7 |coshp —sinhu L — 2Q
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B. Analytical expression of A’(uy, ii2) obtained from eq. (B.10)

Replacing (R.30a])(R.30H) in (B.10) and neglecting terms of relative order (9(78) which are
beyond the MLLA accuracy, we obtain

AI

e Mg ¢ 4 €720 g + eF1o1hay + eH2 1)1y
o

= —av [e“l + et? — sinh(pg —H2)(é1 - @2) + cosh pq tanh vo + cosh ps tanh vy

— sinh p; tanh vg coth pe — sinh ps tanh vy coth g
+ sinh(py — p2) < tanh v coth ,ulél — tanh vy coth ,LLQQQ):|

—BY {( cosh p1 — sinh M102> + (cosh o — sinh ugCl) +sinh(uy —/1,2)(01@1 —Cg@g)

+ cosh 1 tanh vy (1 + K2> + cosh po tanh vy <1 + Kl)] . (B.1)
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